
1 INTRODUCTION 

Traditional tuned mass dampers (TMDs), which consist of 
a small mass connected to the primary structure through a 
spring and a dashpot,  have been proposed and investigated 
for passive control of structures (Den Hartog 1985; War-
burton 1982). It has been shown that the effectiveness of 
TMDs is enhanced by increasing the secondary mass to the 
primary mass ratio (Sadek et al. 1997). Recently, to in-
crease the effectiveness of the TMD without utilizing large 
physical secondary mass, inerter-based tuned mass damp-
ers have been recently proposed and investigated (Marian 
and Giaralis 2014; A Javidialesaadi and Wierschem 2018; 
Garrido, Curadelli, and Ambrosini 2013; Abdollah Javid-
ialesaadi and Wierschem 2018; Hu and Chen 2015). The 
inerter is a simple mechanical device, such as the ball-
screw or rack and pinon, that can produce a large effective 
mass while utilizing a small physical mass via the trans-
formation of  translational motion to the rotational motion 
of a flywheel (Smith 2002). 

The tuned mass damper-inerter (TMDI) is one of the in-
erter-based tuned mass dampers that has been proposed re-
cently and has broadly demonstrated effectiveness in the 
reduction of the dynamic response of structures, in com-
parison to the TMD (Marian and Giaralis 2014). The 
TMDI consists of a traditional TMD with an inerter that is 
located between the secondary mass and the ground. The 
research related to TMDIs has recently been expanded to 
investigate their usage for utilizing MDOF structures and 
base isolation systems (Giaralis and Taflanidis 2018; 
De Domenico and Ricciardi 2017) as well as nonlinear de-
vices similar to the TMDI (Abdollah Javidialesaadi and 
Wierschem 2019). However, there has been no work sim-
ilar to what has been done regarding nonlinear structures 
with TMDs (Zhang and Balendra 2013; Sgobba and 

Marano 2010), and the primary structure has been consid-
ered linear elastic in all previous works related to the 
TMDI.  

This paper investigates the response of a nonlinear 
SDOF structure equipped with a TMDI. For this purpose, 
OpenSees (McKenna, Scott, and Fenves 2010) is used for 
the numerical analysis and an inerter element is developed 
in this program. To consider the nonlinear behavior of the 
SDOF structure, its stiffness is modeled using a hardening 
material. Band-limited white noise ground motion is con-
sidered as the excitation and the maximum value of the 
primary structure’s displacement is calculated to evaluate 
the response of the structure. Comparisons of the perfor-
mance of the system with a TMDI are made to the response 
of the system with a TMD. The effects of both the level of 
inertance and the relative magnitude of the material 
model’s post-yield stiffness on the response of the struc-
ture are evaluated.  

2   MODEL AND FORMULATION 

Figure 1 depicts the nonlinear SDOF structure with a 
TMDI, subjected to a ground acceleration. In this figure 

gx  represents the ground acceleration. 1m
, Nonlineark

, and 

1c
 represent the mass, nonlinear stiffness, and damping of 

the primary structure and 2m
, b , and 2c

 denote the sec-
ondary mass, inertance, and the device damping, respec-
tively.  
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Figure 2: Kinematic hardening model 

 
 
 
From the definition of the inerter, the governing equa-

tion is given by:   

( )j iF b x x     (1) 

Where b is inertance, F is the force across the device, and 

ix  and jx  are the nodal accelerations of the devices two 

terminals. It should be noted that the value of the inertance 
is a function of the flywheel properties and the properties 
of the mechanism used to produce the rotation; thus, it is 
possible to produce large values of inertance with a small 
physical mass.  As there is no built-in ability for OpenSees 
to model inertance, this functionality was added to via a 
software customization where inertance was optionally 
added as part of the restoring force of a 2-dimensinal truss 
element. 

Utilizing Eq. (1) and considering the stiffness compo-
nent of the restoring force of the primary structure as a 
function of displacement,  1f x , the equations of motion 

for the system can be written as:  
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The term 2m b  shows that one of the effects of the 

inertance in this configuration is an increase in the effec-
tive secondary mass.  

 As a simplified analogy for a structure that would 
yield under extreme loads, the stiffness component of the 
restoring force of the primary structure is modeled as lin-
ear elastic until yield with kinematic hardening after that 
point (see Figure 2). The “hardening model” in OpenSees 
is used to produce this behavior and the parameters of the 

model are a modulus of elasticity = 1 2
N

m
 , yield force 

= 10 N  , and kinematic hardening modulus = 0.1 2
N

m
.   

Additionally, a linear case is also examined consider-
ing the same modulus of elasticity. 

  

 
 

 

3 ANALYSIS AND RESULTS 

For the analysis in this paper, the primary structure is con-
sidered undamped with a frequency of 0.16 Hz (1 rad/s). 
The mass of the primary structure is equal to one and the 
secondary mass is considered as 2% of the primary struc-
ture mass. Two inertance values, 0.02 and 0.1, for the 
TMDI are considered.  

Band-limited white noise ground acceleration with a 
cutoff frequency of 5 Hz is considered for the loading of 
the structure. The duration of 200 seconds is used for the 
analysis. To average out the effects of the individual 
ground acceleration time-histories, 500 runs of each anal-
ysis are performed, each with a different seed used to cre-
ate the band-limited white noise loading, and the mean val-
ues of the response are utilized for evaluating the 
performance. Figure 3 shows a sample of the ground ac-
celeration used as an input.  

 
Figure 3: Sample of ground acceleration  
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Figure 1: Nonlinear SDOF base structure with TMDI 
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Figure 4: Max displacement of the primary structure vs ampli-
tude scale of the input. 

  
To examine the effects of increases in the amplitude of 

the loading, these ground motions are linearly scaled up-
wards. The maximum absolute displacement of the pri-
mary structure in 4 cases at each amplitude scale is con-
sidered: linear structure with TMD, linear structure with 
TMDI, nonlinear structure with TMD, and nonlinear struc-
ture with TMDI. It should be noted that the optimum de-
sign values of the TMD and TMDI are based on the H-
infinity optimization of the systems with the TMD or 
TMDI, respectively. The TMD and TMDI parameter val-
ues are held constant at all ground acceleration amplitudes 
regardless of if the structure is responding linearly or non-
linearly. 

Figure 4 shows the variation of the maximum displace-
ment of the primary structure versus the amplitude scaling 
of the white noise. This figure shows that the response of 
the linear and nonlinear structures with both the TMD and 
TMDI are in good agreement when the amplitude is low 
and the structure is in the linear region. By increasing the 
amplitude, both the nonlinear structure with the TMD  and 
TMDI show a lower response, compared to their respec-
tive linear counterparts. This lower response is due to the 
contribution of hysteretic damping from the yielded stiff-
ness element to the, otherwise undamped, primary struc-
ture. At every amplitude scaling level examined, the re-
sponse of the system with the TMDI is lower than the 
response of the system with the TMD 

 To examine the effect of the inerter on the response of 
the nonlinear structure with a TMDI, the reduction coeffi-
cient R is defined as the ratio of the maximum response of 
the structure with a TMDI to the maximum response of the 
structure with a TMD. Figure 5 shows the effect of the in-
erter on the coefficient R as well.   

Figure 5 illustrates that, in all cases the TMDI outper-
form the TMD. Additionally, the performance of the 
TMDI significantly increases in the large inertance case 
examined. In the linear structure, by increasing the ampli-
tude the effectiveness of the inerter does not change. How-
ever, in the nonlinear region, by increasing the amplitude 
of the loading, the inerter’s performance advance starts to 

reduce, but never goes away completely and the TMDI 
still has superior performance (R<1). This phenomenon 
can be explained by the effective mass which the inerter 
adds to the secondary mass of the device. When the effec-
tive mass increases, the sensitivity of the structure due to 
the change in the stiffness and detuning decreases.  

 
Figure 5: Effect of inerter in the reduction of maximum response 
amplitude vs ground acceleration amplitude scaling factor 

 
Example time history responses of the nonlinear struc-

ture with the TMD and the TMDI with b=0.1 are also pre-
sented in Figure 6. As seen in this figure, both cases fea-
ture nonlinear responses and the TMDI provides a 
reduction in overall and peak response, compared to the 
TMD. 

 
Figure 6: Time history response of structures with TMD and 
TMDI 

4 CONCLUSIONS 

This work investigates the response of a single-degree-of-
freedom (SDOF) structure considering nonlinearities 
equipped with a tuned mass damper-inerter (TMDI) and 
subjected to a band-limited white noise. The effectiveness 
of the TMDI in comparison to the tuned mass damper 
(TMD) in the reduction of the response of linear primary 
structures has been investigated before; however, the re-
sponse of a nonlinear structure with a TMDI has not been 
investigated previously. To perform the analysis for this 
study, an element was modified in the finite element pro-
gram OpenSees to include inertance. Then a SDOF struc-
ture equipped with TMDI is modeled in OpenSees and 
subjected to band limited white noise. To consider yield-
ing of the structure, the stiffness element of this structure 
is modeled using an element with kinematic hardening. 
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The displacement of the primary structure is considered as 
the output for the evaluation.  

The results of this study show that, when the structure 
was in the linear range, the addition of an inerter makes 
the TMDI more effective at controlling the response of the 
structure, compared to the TMD with the same physical 
mass. As expected, while the structure is in the linear 
range, the amplitude of the loading does not influence the 
TMDI’s effectiveness. However, when the amplitude of 
the loading is such that the structure moves into the non-
linear range of its response, the effectiveness of both the 
TMD and the TMDI is reduced.  Even though the effec-
tiveness of the TMDI is reduced, its performance is still 
superior to the TMD while in this nonlinear response re-
gime.  This result can be explained by the increased effec-
tive mass of the mass damper due to the inertance, which 
reduces the sensitivity of the system to the detuning that 
occurs because of changes in the stiffness of the primary 
structure in the nonlinear region of its response. As even 
large values of inertance can be produced with very small 
amounts of physical mass, the superior performance pro-
vided by the TMDI can plausibly be provided at low cost 
and provide a means for utilizing mass dampers to delay 
damage to the structure and control the nonlinear response 
once yielding occurs. The OpenSees element that can rep-
resent the effects of inertance and was developed in this 
work will allow for the investigation of the use of inerter-
based control devices in a wide range of realistic structures 
with nonlinear behavior. 
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